
- u 

v = velocity 
V = volume of S 
V(s) 

= local volume-averaged velocity of the solid; de- 
fined by Equation ( ll) 

= volume of pores containing fluid which are en- 
closed by the surface S 

Greek letters 

a, /3, 
6 

p = viscosity 
p = density 
4 + = porosity 

Special symbols 
- 
* 
+ = a dimensionless variable 
A 

= parameters appearing in Equation (69) 
= distance into an impermeable wall at which 3 = 0 - 
= external force potential; defined by Equation (5) 

= an average over the volume V of quantities as- 

= a quantity associated with a new reference frame 

= indicates a vector product 

sociated with the fluid; see Equation (3)  
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Combined Forced and Free Convective 
Diffusion in Vertical Semipermeable Parallel 
Plate Ducts 

KRISHNAN RAMANADHAN and WILLIAM N. GILL 
Clarkson College of Technology, Potsdam, New York  

The effect of natural convection on polarization and flow patterns in  liquid phase convective 
diffusion in  a vertical duct with semipermeable membrane walls has been investigated theo- 
retically. It i s  found that a t  low flow rates, gravitational fields can play a significant role in  
distorting the velocity profiles and thereby they affect the transition from laminar to turbulent 
flow. Natural convection also significantly affects mass transfer rates and therefore the extent 
of polarization a t  low flow rates. Results are presented for both momentum and mass transfer 
in upward and downward flows for different wall Peclet numbers. The hydrodynamic stability of 
the system also has been investigated and critical values of  the buoyancy parameters are re- 
ported. Also, these results enable one to estimate when natural convection may create errors 
in  membrane testing systems. 
The analysis and results are of practical interest in reverse osmosis and other membrane sep- 
aration processes. The more productive the system, the more likely it will be that buoyancy 
effects are important. 

In  liquid-phase membrane separation processes, one is the efficiency of such .a process. Several papers, mostly of 
interested in understanding the fundamental transport a theoretical nature have appeared in the literature, which 
processes occurring within the membrane structure and have investigated methods of predicting the extent of polar- 
in studying the nonlinear diffusional effects on the feed ization with various geometries under laminar and turbu- 
solution side of the membrane. I n  particular, the phenome- lent flow conditions (3,9 to 11, 20, 22) .  It has been found 
non of polarization or accumulation of the rejected com- that polarization can be a very important factor in the 
ponent at the membrane surface is significant since it limits design of practical equipment. 
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The high degree of polarization found in laminar flows 
implies large concentration radients and therefore signifi- 

natural convection may be quite significant, as has been 
exemplified by the results of heat transfer calculations ( 4  
to 6,8, 12, 17 to 19). The analysis of heat transfer systems 
is much simpler than the corresponding reverse osmosis 
problem because of the boundary conditions involved. I t  
has been shown by dispersion experiments (15, 1 6 ) ,  that 
very small differences in density can cause significant varia- 
tions in the velocity profile. Furthermore, some of the ex- 
perimental results of Merten, et al. (13)  did not agree 
very well with the theoretical prediction of the water flux 
by Srinivasan, et al. ( 2 2 )  at low flow rates. On an intuitive 
basis, Srinivasan, et  al. pointed out that this apparent dis- 
crepancy could be at least partially explained on the basis 
of natural convection effects, due to the high Grashof num- 
bers characteristic of the experiments involved. For sea 
water NGT N 6,000 and for brackish water Nc,. ru 800. 

cant buoyancy effects. Un 8 er low flow rates therefore, 

The present analysis is aimed at: 

1. Finding a suitable method of analysis which enables 
one to solve the transport equations for vertical flows with 
the boundary conditions which describe reverse osmosis 
and other mass transfer processes. 

2. Investigating the effect of natural convection on po- 
larization which is very important in reverse osmosis sys- 
tems. 

3. Determining the effect of buoyancy on Shenvood 
numbers with wall flux as a parameter. 

4. Studying hydrodynamic instabilities created by buoy- 
ancy effects and to determine critical values of the buoy- 
ancy parameters. 

ANALYSIS 

Figure 1 gives a schematic description of the problem 
under investigation. Brine solution under pressure is forced 
into a vertical flat duct, the walls of which are made of a 
semipermeable membrane. The vertical configuration was 
chosen purposely because it is two dimensional. In a hori- 
zontal system unsymmetrical circulation effects make the 
system three dimensional and the analysis of such systems 
is extremely complicated. 

The region of interest is far downstream from the inlet, 
where the concentration and velocity profiles are fully de- 
veloped. Here the concentration polarization is greatest as 
are the buoyancy effects. Thus in effect, the resulting solu- 
tion of the problem will be an asymptotic one. 

Brine is assumed to enter the duct with a fully developed 
velocity profile and at the bulk velocity UbO. The distance 
between the walls is 2h and the interfacial velocity is vw+ 
which is assumed to be very small compared to UbO. It  
will be assumed that v,+ is constant along the axis. Gravi- 
tational components are g, and g,. For the vertical system 
g, = +g; g, = 0. The coordinate system is depicted in 
Figure 1. 

To facilitate the analysis, it will be assumed that the flow 
is laminar, steady, fully developed and two dimensional. 
All physical properties are constant, except for variation 
of density in the buoyancy term. 

The continuity equation is 

and the equations of motion are: 

x component 

where the density variation is given by the equation of 
state 

(%) 
P 

PO 

av av 1 

-= 1-8 (cs-cso) 

y component 

w - + v - = - -  

and neglecting axial diffusion, the convective diffusion 
equation is 

w - + v - = - -  (4) 
ae ae 1 a28 

a t  a? NPe 
The boundary conditions associated with the problem are: 

1. No slip condition 

2. The interfacial velocity, vw+,  is related to the driv- 
W ( 1 , t )  = 0 ( 5 )  

ing force by the phenomenological law 

v,+ = ACAP- ( T ~ - ? T ~ ) ]  ( 6 )  
T refers to the osmotic pressure which strictly is a function 
of concentration. To simplify the problem somewhat, we 
shall assume AP >> ?r, so that 

v,+ N A * AP = constant 
and we can write 

v ( l , f )  = -=vw 

(7) 

( 8 )  
O W +  

UbO 

3. Symmetry conditions at the center 

(9) 
dW - ( 0 , t )  = V ( 0 , k )  = 0 
87) 

For the diffusion equation we have: 
1. Inlet condition 

O ( ? , O )  = 1 (10)  

2. Symmetry condition 

3. A third boundary condition can be obtained by mak- 
ing a salt balance at the interface. Thus 

N* 

(salt flux (bulk flow (diffusion 
through the term) term) 

wall) 

or since for an ideal membrane there is no salt leakage 
through the wall, N ,  = 0, which yields 

where 

.(Y is the reciprocal of the wall Peclet number. Therefore it 
reflects the intensity of mass transfer through the walls and 
is small for large mass transfer rates. a is to be distinguished 
from the reciprocal inlet Peclet number due to axial flow. 
The problem thus reduces to solving Equations (1) through 
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(4)  with the boundary conditions (5)  through ( 12). 
Combined free and forced convection problems have 

been treated in the past in a variety of situations in heat 
transfer. Sparrow and Gregg (21 ) have obtained exact 
similarity solutions using a combination of variables for 
coupled forced and natural convection flows over a verti- 
cal flat plate. Subsequently, Carter and Gill (6) studied 
Yombined free and forced convection in porous conduits 
with flow through the walls and used a technique whereby 
the dependent variable was chosen so that the partial dif- 
ferential equations could be reduced to a set of total dif- 
ferential equations. However the boundary condition given 
by Equation (12) seems to have no exact analogue in 
heat transfer and these methods are inapplicable in the 
present study. A characteristic feature of all these problems 
is the intimate coupling of the momentum and the diffusion 
or energy equations which make them difficult to solve. 
Approximate methods are very often necessary to solve 
the two equations simultaneously. 

Some simplification may be achieved by defining a 
stream function 4 such that 

Further, Equations (3) and (2)  may be differentiated 
with respect to and 7 respectively, and subtracting the 
results, one can eliminate the pressure terms to obtain 

a 

i a  - -- - [-$-+%I (14) 
N R e  at av2 

which has to be solved together with the convective dif- 
fusion eauation 

using Equations (5)  through (12). 
It  has been shown by Berman ( 2 )  that for a system 

with no buoyancy effects and a constant velocity at the 
interface, the stream function can be defined such that 

+ = ( 1 - B C )  F(7)  (16) 
where B is a constant which can be evaluated by a mass 
balance. For this problem B becomes equal to v,. Thus 
in the absence of a body force term Equations (13),  
(14),  and (16) would enable one to obtain a total dif- 
ferential equation in F (7). However, due to the presence 
of the body force in this problem, it is necessary to define 
a more general stream function as 

4 = ( 1  - F(7, C) (17) 
However this simplifies the problem significantly only if 
F is approximately a function of I) only. That is, only if F 
is a weak function of t and this will be shown to be the 
case. 

If F is a function of 7 only, then the following terms in 
Equation ( 14), 

and 

are identically zero. Since F depends only weakly on f ,  
these terms are small and can be neglected as would be 
the case in boundary layer flows. Equation (14) then 
simplifies to 

N R e  a? 

This equation has to be solved simultaneously with Equa- 
tion (15).  The assumptions made to arrive at Equation 
(18) are essentially the same as those used by Prandtl 
when he presented his analysis on the external flow over 
slender bodies, that is elimination of Equation (3)  and 
assumption that the pressure is constant in the boundary 
layer along the direction normal to the surface. 

SOLUTION OF THE RESULTANT EQUATIONS 

Several methods were tried in an attempt to solve this 
set of coupled equations. Details are given elsewhere ( 1 4 ) .  
The method which was successful was a perturbation 
scheme which employed the buoyancy parameter N G J N R ~ ’  
as the perturbation parameter. Thus one may define 

m 

F(Y,t) = F o ( ~ )  C Ek Fk(’V4) (19) 

o h ,  t )  = e o h  t )  + z1 ek e k ( %  5 )  

k = l  
and 

m 

(20) 
k=l 

where 
NG* 

N R 2  

The zeroth-order function Fo was chosen as a function 
of 7 only, so as to conform with the solution of the prob- 
lem with no buoyancy. Equations (13) and (17) in con- 
junction with Equations (19) and (20) yield 

E=- 

(22) 
By substituting Equations (20),  (21), and (22) in the 
momentum and diffusion equations and equating coeffi- 
cients of like powers of E ,  one generates an infinite series 
of differential equations for the Fk and & functions. 

The zeroth-order equations do not include the term 
NGr/NRe2 (aO/a7) and they are given as 

and 

with the boundary conditions 
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t t I V" The concentration profile may be obtained by the 
method of separation of variables by letting 

t 

I 4 t t i 

Fig. 1. Schematic diagram of the system. 

VW 

Equations (23) through (26) are identical to the equa- 
tions solved by previous investigators (2, 9, 20).  Since 
vw is small under the conditions which prevail in liquid 
phase membrane separation processes, one can expand 
F o ( 7 )  in a perturbation series about the wall Reynolds 
number. Thus letting 

w 

FO(7) =FOO(7) + NRewm FO?n(7) (27) 
m=l 

where 
N R e w  = Vw N R e  (27a) 

it can be shown (20)  that the first and higher order terms 
can be neglected for the small values of N R ~ ~  which are 
of interest in the reverse osmosis problem. For the zero 
order term one gets 

3rl r13 
Foo(7) = --- 2 2  

SEMIPERMEABLE 

MEMBRANE ON 

POROUS S U P P O R T 7  

SOLUTE BUILDUP 

(CONCENTRATION 

POLARIZATION 1 

PRODUCT 
(FRESH WATER 1 

HIGH PRESSURE OW PRESSURE 

Cs, I (SALINE WATER) 

Fig. la. Schematic diagram of the system. 

and the Bn, Y n  and /3n are known (20)  for several values 
of the parameters. The first order functions F1 and el are 
obtained from 

aF1 a2F1 

N R e  h4 all * eta7 
- --- a4F1 a [ - 2  vw F O ' - + F o ' - ( l - v d )  

aF1 1 a2F1 

w a t  
+ VwF1FO'' + vWFo - - Fo" (1  - vW[) - 

0 (30) 
doo -= 

1 - 
( l - v w f )  

and 

-[ a ( i - v w t )  ( e o ~ + ~ ~ e l ) ]  
a t  a7 

+- a [ { v w F ~ - ~ ( l - v w f ) } ~ ~ + v w F ~ ~ ~ ]  

a7 a t  

with the associated boundary conditions 

( 32 

(33) 

el(7,0) =--(o,g)  ael =o;  - - ( L O  ael = e l ( l , t )  
a7, 'a7 

The above system of Equations (30) to (33) is extremely 
difficult to solve exactly. Substitution of Equation (29) 
in Equation (30) yields 

ID 

The key to solving Equation (34) can be found by careful 
inspection which reveals that the transformation 

w 

FI (735) = N R e  4 j (7 )  ( 1  - V w f )  (2'3 '1-1-2) = 0 
.i=1 

(35) 

reduces this partial differential equation to a system of 
total differential equations in the +j functions. Further, this 
transformation is consistent with all of the boundary con- 
ditions. In addition, the dependency of F1 on [ arises only 
as the product vwf and since vw is small in the applications 
considered here, F1 is indeed a weak function of 5. It is 
easy to show that the +j function must satisfy the equation 
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with the associated boundary conditions 

+j(O)  = +j"(O) = +/(l) = + j ( l )  = 0 (37) 
Equations (36) and (37) may be solved exactly but if we 
are interested mainly in processes which involve small val- 
ues of vw, as is the case of reverse osmosis, then it is both 
very accurate and very much simpler to follow the same 
procedure adopted before and define 

+j(q) = +lo + 2 ~ R e w m  +.im(q) (38) 
nr=l 

The equation associated with +jo is 

The solution of this equation is readily seen to be 

From Equation (40) it is easy to show that 

and 
Bjo = Djo = 0 (42) 

and from reference 20 

(43e) 

The series in Equation (35) is rapidly converging since 
the eigenvalues increase rapidly. Hence only the first- and 

- 7  

Fig. 2. The function of $10' and $20' for a = 0.5 and a = 0.27. 

Fig. Zu. Axial velocity profiles for various N G J N R ,  ratios in  up- 
word flow. 

second-order terms need be taken into account. 
The next problem is to determine 81. By using Equations 

(28), (29) and (35), Equation (31) can be simplified to 

(44) 
where 

Since 

The inhomogeneity Q ( [ ,  7)) is difficult to handle in this 
form. However, some reasonably good assumptions may 
be made to simplify the problem. Thus it is known from 
heat transfer results that the effect of buoyancy is felt 
primarily on the velocity profiles and the effect on tempera- 
ture profiles is relatively small. Similarly we can expect 
the concentration profile to be less affected by buoyancy 
than the velocity profiles and for evaluation of el it seems 
reasonable to approximate 

Bo yo 
1 -ow[ 

eo N 
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Fig. 3. Axial velocity profiles for various N G r / N R e  ratios in  down- 
ward flow. 

and hence 

so that we obtain 

The boundary conditions on 61 are 

Equation (44) may be put in a more convenient form by 
defining a new variable 

which transforms it to 

Because of the function Q(a, q), Equation (48) can be 
solved most easily by applying the Duhamel theorem (1 ) . 
One may define a new variable E, such that 

with 
aE 

E(A, ?j., 0) = - (A, 0, a) = 0 
lh 

(49a) 

dE 
a7 

a- (A, 1, a) = E(A, 1, U) (49b) 

where A is a constant. The solution for 6 is then obtained 
by using the Duhamel integral as 

a =  
el(a,T) =-J dU E ( A , ~ , ~ - - x )  d~ (50 )  

Now, let 

and we obtain 

E(A, 7, a) = El(& d + EZ(A, 7, u) (51) 

with the conditions 
dEl - (X, 0) = 0 
d., 

where 
3X 

Bo - 
Q l ( A ,  d = ; e [YO’ YO b’ l  ( 5 2 ~ )  

The solution of Equation (52) can be readily evaluated 
as 

(53) 
where 

The differential equation associated with Ez is 

Fig. 4. Axial velocity profiles for various N G r / N R e  ratios in  upward 
flow. 
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0 
- 1  

-1 

Fig. 5. Axial velocity profiles for various N G r / N R e  ratios in down- 
ward flow. 

with the boundary conditions 

aEa - (Uy A, 0) = 0 
e7, 

By separation of variables, the solution is seen to be identi- 
cal to that for eo with the only difference being the expan- 
sion coefficients. Hence we may write 

CQ 

E z ( r ,  9) = 2 cn(A) Yn(T)xn(u)  (55)  

6 ~ l ( h ,  7 )  P(T) Yn(7) dq 

s,' ~ ( T I  yn2(T) 4 

n=O 
where 

(&(A) =- (55a) 

and p (q)  is the weighting function given by 

The Yn(q) correspond to the same eigenfunctions as be- 
fore. Substituting the functions El and E z  in Equation 
(N), one obtains 

-1 

Fig. 6. Radial velocity profiles for various N G r I N R e  ratios in down- 
ward flow. 

Fig. 7. Radial velocity profiles for various N G d N R e  ratios in up- 
ward flow. 

-+a 
Fig. 8. Critical N c r / N R e  ratios in upward flows. 
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Fig. 9. Critical N G r / N R e  ratios in downward flow. 

I 

I - V & = O . 9  

/ 

\ 

0. I ( 

and 

I - vw 6 = 0.9 

D, = (56b) I’ d.?) Y2( .r )  dr) 

Determination of the second and higher order functions is 
very tedious because of the complexity of the equations. 

- N,r”Re 
Fig. 10. Inflection point in upward flow denoted in Equation (63). 

Fig. 11. Inflection points in downward flow denoted in Equation 
(63). 

However, it would be expected that the contribution due 
to these terms is small over the range of parameters studied 
here. We shall therefore neglect second and higher order 
terms. 

RESULTS AND DISCUSSION 

The results of the above analysis may be summarized as 

which may be rewritten in a more convenient form using 
Equations (28), (35), and (41) as 

where wBuk is ( 1 - u&) and 410’ ( r ) ,  a) and +20/ (7, a) are 
obtained from Equations (41), (42), and (43). The para- 
metric dependence of w is given by 

For arbitrarily large values of ow, it is seen that the veloc- 
ity distribution depends on two space variables 4‘ and 1) as 
well as the four parameters N G r / N R e 2 ,  ow, N R ~  and a. 
However, when one limits the discussion to small values 
of ow, then the problem is markedly simplified to deter- 
mining 4x0 and 4 2 0  which depend on r)  and (Y only. From 
Equations (22), (28), (35), and (41) it can be shown 
that 

3? 713 

ow 2 2 
-=----- 

The concentration distribution also depends on two 
space variables and four parameters and this may be de- 
noted as 

Using the perturbation method the concentration profile 
may be written as 
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N G r  

N R e 2  
0 = @o(5,71, N R ~ ,  OW, a) + - el (5,r17 NRer  o w ,  .(y) 

(60) 
and the expressions obtained in Equations (56) and (29) 
indicate that the quantities uw and 5 occur only as the prod- 
uct uw5 which physically represents the fraction of water 
removed. It should be noted that in momentum transfer, 
the parameter N G J N R ~  arises from Equation (58) and in 
the mass transfer equations the parameters N G J N R , ~  and 
N R e  have to be specified. 

I t  is more useful to report concentration profiles in terms 
of the 13~ /&  ratio which is a measure of polarization at the 
membrane surface. The bulk concentration is obtained as 

The ratio of the wall to bulk concentration may be repre- 
sented as 

Consequently if (Y and vw[ are fixed, one can obtain the 
variation of polarization with the N G T / N R e 2  ratio using N R ~  

2 

2 

2 

2 

I 
m 

3 
0 
\ 

T I  

I 

I 

I 

I 

a =0.5 
I - v w t  = 0.9 

0. I 0.3 5 -0.3 0. I .. 

-DOWNWARD F L O W  =: UPWARD FLOW+ - NGr/N:, 
Fig. 12. Effect of buoyancy on polarization for different NRe. 

as a parameter. 
All the integrals which had to be evaluated were deter- 

mined numerically using Simpson’s rule. The numerical cal- 
culations were performed for the values of the parameters 

0.27 6 Q 6 0.5 

30 4 N R ~  1200 

NGr 

N R ~ ~  
-0.5 6 - L 0.5 

0 4 uw5 0.4 
For the sake of brevity however, values will be reported 
only for u& = 0.1, since for other values of u& the 
trend of the curves is the same. 

It  is of interest to consider this problem from two points 
of view. First, one is interested in the quantitative predic- 
tion of the effect of natural convection on mass transfer 
rates and the degree of polarization obtained in the system 
when the flow remains laminar. Secondly, the stability of 
the system is important. That is, it is of interest to know 
when the system will tend to become unstable hydrody- 
namically and will tend to become turbulent. This is of 
practical interest since turbulence markedly increases 
transverse mixing and thereby reduces polarization sub- 
stantially. Thus, the results of the above analysis will be 
discussed from two points of view which are related to the: 

1. Velocity profile distortion and related effects that per- 
tain to the hydrodynamic stability of the system. 

2. Effect of natural convection on polarization and mass 
transfer rates as reflected in the Shenvood numbers. 
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-0.5 -0.3 -0.1 0 0.1 0.3 0.5 - DOWNWARD FLOW UPWARD FLOW- - No,/NL 

Fig. 13. Effect of buoyancy on Sherwood number at different N R e .  

Figure 2 indicates the behavior of the function plot- 
ted against 7 with o as a parameter. According to Equa- 
tion (58) only ~ I < ( C U ,  7) and dzo'(~, 7) need to be deter- 
mined to find the effect of buoyancy on the velocity profile. 

To give a better physical picture, by showing the com- 
plete velocity profile, Figure 2a illustrates the distortions 
in the velocity profile in upward flow due to natural con- 
vection for Q = 0.5. This is analogous to the heat transfer 
problem with cooling in upflow or heating in downflow. 
The results can be easily interpreted as follows. As concen- 
tration polarization becomes significant, the fluid particles 
closer to the wall are associated with a higher concentra- 
tion and hence a greater density. On the other hand, at 
the center the concentration and density are lower. Hence 
there is a tendency for the fluid at the center to be sub- 
jected to an increased upward force due to buoyancy ef- 
fects, and near the wall the reverse is true. The net effect 
is a distortion in the velocity profile, with an acceleration 
at the center and retardation near the walls. The magni- 
tude of these distortions increases rapidly with buoyancy 
as is evident from Figure 2a. Ultimately as buoyancy ef- 
fects increase, a situation is reached where the profile be- 
comes flat at the wall since the velocity gradient goes to 
zero. This corresponds to the critical N G ~ / N R ~  ratio. Be- 
yond this value, the theory predicts a reversed flow near 
the wall. In actuality, however this would correspond to a 
hydrodynamically unstable system, with a tendency for 
separation near the wall. Analogous theoretical results have 
been obtained for heat transfer systems and experiments 

tend to confirm the theory (12, 17 ) .  
Results in Figure 3 illustrate the effect of buoyancy on 

downward flows. Here buoyancy opposes the flow and con- 
sequently one would expect a flattening of the velocity pro- 
file near the center and the gradient becomes steeper near 
the wall. Here a tendency toward instability occurs at the 
value of N G r / N R e  at which there is an incipient dimple 
like formation at the center of the flow. This inhibition of 
the velocity in the center of the duct has been observed 
experimentally for cooling in downflow or heating in up- 
flow in heat transfer (12, 17) .  

Figures 4 and 5 illustrate the same trend shown in Fig- 
ures 2a and 3 but the water flux is greater since (Y = 0.27. 
One can see clearly, that the effect of increased flux is to 
increase buoyancy effects and thus the transition to an un- 
stable flow occurs at a lower value of the N ~ , / N R ,  ratio. 
This dependence on the parameter Q has no counterpart in 
heat transfer and therefore is unique to mass transfer sys- 
tems. 

Figures 6 and 7 illustrate the effect of buoyancy on the 
radial velocity profiles for #(Y = 0.5. There is no significant 
effect other than increasing or decreasing the magnitude of 
v depending on the direction of flow. 

From the axial velocity profiles, it is seen that natural 
convection can have a dominant role in causing the transi- 

6.2 
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Fig. 14. Effect of buoyancy on polarization for different NRe. 

tion from laminar to turbulent flow. Scheele and Hanratty 
(17, 18), on the basis of experimental evidence, indicate 
that the mechanism of transition occurs through the growth 
of small disturbances. 

The development of the disturbances is implied by the 
existence of inflexion points in the velocity profile, (Ray- 
leigh’s first theorem of instability). Although this criterion 
strictly holds good only for inviscid flows, some qualita- 
tive information, regarding the onset of instability, can be 
obtained by calculating the inflexion points. Thus by setting 
d2w/a+ = 0, one obtains from Equations (41) and (58) 

(63) 
hP(d - 3 -- $ld”(?1) + 

(1 - v,[)’ (1 - 01) NG,.  

NRe 
- 

For specified values of ( 1  - ow[)  and N G ~ / N R ~ ,  the roots 
of this equation corresponding to 7) between 0 and 1.0, give 
the inflexion points. These are plotted in Figures 10 and 
11. The existence of inflexion points in viscous flows is a 
necessary but not a sufficient condition for the onset of 
instability. The problem of instability in viscous channel 
flows has been considered very recently by Fu and Joseph 
( 7 ) .  

The transition to turbulence seems to occur differently 
in upward and downward flows. For heat transfer, Scheele, 
et al. (17, 18) observed experimentally that in upward 
flow turbulence occurs when the velocity gradient at the 
wall becomes zero. The criterion for a zero gradient in the 
present case is 

2 - NQC N R ~  
Fig. 14a. Effect of buoyancy on polarization a t  high values of N R ~ .  

3 
(64) - - 

1 42zo“(l) [ (:::2)2 + (1 - o d )  (2-2/3 h) 

These values are plotted in Figure 8. On comparing Fig- 
ures 8 and 10, it is seen that inflexion points exist at much 
lower N G J N R ~  ratios than those given by Equation (64) 
at which the transition probably occurs. 

For downward flows a similar situation to that in upward 
flow exists in that two values of N c r / N ~ ,  also exist; these 
involve first the development of inflexion points and second 
a flow reversal in the center of the channel. The first of 
these corresponds to an incipient dimple formation in the 
center of the flow, and from Equation (58) one obtains 

(Z )critical 

3 
(65 )  - - 

I 4 2 d ” ( O )  [ ( :::,:)2 + ( 1  - v,,&) (2-2/3 P I )  
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by letting d2w/872 = 0 at the center. These values are 
plotted in Figure 9. In addition, in downward flow, flow 
reversal at the center is associated with the condition w 
= 0 at 7 = 0 which yields a second criterion 

These values are also lotted in Figure 9. A comparison 
of Figures 9 and 11 in 2 icates that for CY = 0.5, the inflexion 
point is first observed close to the dimple formation and 
with increasing buoyancy it moves towards the wall. This 
is in qualitative agreement with the observations of 
Scheele et al. who suggested that disturbances are first 
observed at the formation of a dimple in the velocity pro- 
file. However, for CY = 0.27, inflection points seem to exist 
even for values of N G J N R ~  less than the value correspond- 
ing to dimple formation. Further there seems to exist a 
range of the NG,/NR, ratio, at which two points of inflec- 

Fig. 15. Effect of buoyancy on Sherwood number for different NRe.  

tion occur. On qualitative grounds one might say that 
disturbances first develop at the formation of a dimple 
and gradually increase with buoyancy until flow reversal 
takes place, and this is accompanied by transition to tur- 
bulence. 

The effect of natural convection on polarization and 
mass transfer rates is indicated in Figures 12 through 15. 
Figure 12 shows the variation of polarization with buoy- 
ancy in upward and downward flows for different NRe at 
CY = 0.5. It can be seen that the effect of buoyancy is to 
increase polarization in upward flows and decrease it in 
downward flows. This is what one would expect, since 
the velocity gradients near the wall (which is proportional 
to the shear stress) decreases in upward flows and increases 
in downward flows. Curves are drawn for N R ~  = 30, 60, 
120, 300, 600, and 1,200 and care must be exercised when 
interpreting these plots. For example, at  first sight it ap- 
pears as though polarization increases with increasing NRe. 
However, it is evident that if we hold the Grashof number 
constant then N G , / N R , ~  = 0.4 with N R ,  = 30 corresponds 
to N G , / N R , ~  = 0.1 with N R ~  = 60 and the polarization 
in the latter case is less than in the former which indicates 
that polarization decreases with increasing N R ~  as one 
would expect. 

Figure 13 indicates Shenvood number variation with the 
buoyancy parameter at different N R ,  for CY = 0.5. If one 
defines a mass transfer coefficient, ki, by 

8C 
N ,  = kt(cw-cg) = D- 1 = VW+ cw 

ay y = h  

and it follows that 

I I I 
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Fig. 1%. Effect of buoyancy on Sherwood number a t  high NRe. 
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Nsh = (e, - wO1 

Sherwood numbers are found to decrease with increasing 
buoyancy in upward flows and vice versa for downward 
flows. Figures 14 and 15 illustrate the variation of polariza- 
tion and mass transfer rates with N G ~ / N R , ~  at CY = 0.27. 
One can clearly see that the effect of increased flux is to 
increase buoyancy effects. This occurs because an increase 
in flux creates greater polarization at the membrane surface 
and therefore greater density gradients across the flow. 

CONCLUSIONS 

1. The coupled equations of momentum and diffusion 
have been solved by using a scheme which employs the 
buoyancy parameter, N G , / N R , ~  as the perturbation parame- 
ter. 

2. Natural convection is found to have a significant in- 
fluence on the velocity profiles which depends on the direc- 
tion of %ow. In particular, it may be noted that transition 
to turbulence occurs at much lower values of N G ~ / N R ~  ratio 
€or upward flows than for downward flows. Similar observa- 
tions have been made by Scheele, et al. (1 7) for heat trans- 
fer systems. 

3. Mass transfer rates are decreased and therefore polar- 
ization increases by buoyancy effects in upward flows pro- 
viding the flow remains laminar. The opposite is true of 
downward flows wherein the velocity gradients at the sur- 
face are increased by buoyancy and therefore mass trans- 
fer rates are increased. 

4. Hydrodynamically stable systems would be expected 
to exist only up to the critical N G ~ / N R ~  ratios. It is also 
worth noting that in downward %ows the system tends to 
remain stable over a wider range of the N G ~ / N R ~  ratio 
when compared to upward flows. 

5. The principal difference between the analysis of the 
buoyancy effects created b mass rather than heat transfer, 

that simple similarity transformations of the kind encoun- 
tered elsewhere (6, 21 ) do not exist. 

Also, mass transfer systems of the reverse osmosis type 
involve the additional parameter 01. The role of this param- 
eter is to increase buoyancy effects with decreasing values 
of 01, due to the higher polarization involved. 

is that the boundary con d y  itions in mass transfer are such 
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NOTATION 

= membrane consant defined by Equation (6) 
= defined by Equation (16) 
= bulk concentration of salt 
= salt concentration 
= salt concentration at the inlet of channel 
= salt concentration at brine membrane interface 
= molecular diffusion coefficient 
= defined by Equation (49) 
= defined by Equation (17) 
= channel half width 
= mass transfer coefficient 
= inlet Reynolds number hUbO/v 
= Grashof number h3gficso/v2 
= Froude number Ubo2/hg 
= inlet Peclet number hUbo/D 
= Sherwood number klh/D 
= salt flux through the wall 
= dimensional pressure 
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PO + 

P 
= pressure at the standard state 
= dimensionless pressure p +  - pO+/poUbo2 
= wall Reynolds number defined by Equation (27a) 
= axial velocity 

U ,  = mean velocity of %ow 
UbO = inlet bulk velocity 
v + = transverse velocity 
v 
vtU 

= dimensionless transverse velocity Vf/Ubo 
= dimensionless transverse velocity at the membrane 

surface 
vw+ = wall velocity 
w 
x = axial coordinate 
y = transverse coordinate 

Greek Letters 

01 

/3 
f i n  
AP 

E = perturbation parameter N G , / N R e 2  

7 = dimensionless transverse coordinate y/h 
9 = dimensionless concentration cs/cs0 
6 = dimensionless axial coordinate x/h 
rp = osmotic pressure corresponding to product solution 
P, = osmotic pressure at brine membrane interface 
p =density 
~ ( 7 )  = weighting function; Equation (5%)  
r 
4 
4 

x,([) = axial eigenfunction defined by Equation (55) 

= dimensionless axial velocity, U/Ubo 

= reciprocal of the wall Peclet number 
= coefficient of expansion defined by Equation (2n) 
= eigenvalues of Equation (29) 
= applied pressure drop across the membrane inter- 

face 

= variable defined by Equation (47) 
= defined by Equation (35) 
=dimensionless stream function defined by Equa- 

tion (13) 

LITERATURE CITED 

1. Bartels, C. F., and R. V. Churchill, Bull. Am. Math. SOC. 
48,276 ( 1942). 

2. Berman, A. S., J. Appl. Phys., 24, 1232 (1953). 
3. Brian, P. L. T., Ind. Eng. Chem. Fundamentals, 4, 439 

4. Brown, C. K., W. H. Gauvin, Can. J. Chem. Eng., 43, 
( 1965). 

306 ( 1965 ). 
5. Ibid.; 313 (1965). 
6. Carter, L. F., and W. N. Gill, AIChE J., 10,330 (1964). 
7. Fu. T. S.. and D. D. Toseph. Phvs. Fluids, to be published. 
8. Gill, W. N., and E. 6el dasal, h C h E  J., 8, 513 11962). 
9. - , Chi Tien, and D. W. Zeh, Ind. Eng. Chem. 

Fundamentals, 4,433 ( 1965 ) . 
10. 
11. Gill, W. N., D. W. Zeh, and Chi Tien, AlChE J. ,  12, 

12. Hanratty, T. J., E. M. Rosen, and R. L. Kabel, Ind. Eng. 

13. Merten, U., H. K. Lonsdale, R. L. Riley, Ind. Eng. Chem. 

14. Ramanadhan, K., MS thesis, Clarkson College Tech., Pots- 

15. Reejsinghani, N. S., W. N. Gill, and A. J. Barduhn, 

16. Ibid., 14, 100 (1968). 
17. Scheele, G. F., E. M. Rosen, and T. J. Hanratty, Can. J. 

18. - , and T. J. Hanratty, AlChE J., 9,183 ( 1963). 
19. 
20. Sherwood, T. K., P. L. T. Brian, R. E. Fisher, L. Dresner, 

, Int. J .  Heat Mass Transfer, 9, 907 (1966). 

1141 (1966). 

Chem., 50,815 ( 1958). 

Fundamentals, 3,210 ( 1964). 

dam, New York ( 1968). 

AlChE J., 12,916 (1966). 

Chem. Eng., 38,67 ( 1 9 0 ) .  

, J. Fluid Mech, 14,244 (1962). 

Ind. Eng. Chem.-Fundamentals, 4, 113 (1965): 

133 ( 1959). 

Sci. ,  22,417 ( 1967). 

21. Sparrow, E. M., and J. L. Gregg, J. Appl. Mech., 26, 

22. Srinivasan, S., Chi Tien, and W. N. Gill, Chem. Eng. 

Manuscript received April 10, 1968; revision received June 17, 1968; 
paper accepted June 26, 1968. 

Journal November, 1969 




